We apply the Hartree-Bogoliubov theory to quark matter and discuss the stability of strange quark matter in the MIT bag model. Taking the one-gluon exchange potential between two quarks, we find attractive force between two-quarks in the color-triplet and spin-parallel state. If the Hartree-Bogoliubov approximation is applied to the quark matter, the ground state becomes a superconducting (BCS) state. It is shown that the condensation energy becomes larger with the quark density and is favorable for the stability of the strange quark matter. § 1. Introduction
It is believed that all the hadrons consist of quarks and anti-quarks which are described by quantum chromodynamics (QCD). One of the most peculiar properties of QCD is the quark confinement; any hadrons observed in nature must be colorsinglet. Hence mesons and baryons which are composed of two or three quarks and anti-quarks are the simplest hadrons. The next one is the dibaryon or H-particle which is composed of six quarks. Their existence, however, has not been confirmed until now. Many-quark systems except for the baryons might be unstable and decay ino several baryons which are loosely bound by nuclear force (nuclear matter). On the other hand if the quark number is very large, many-quark system may exist by the help of many-body effects, such as the Fermi statistics. This is the strange quark matter (SQM) predicted by many authors.
1 > (We use the SQM for isolated many-quark systems and the "quark matter" will be used for the quark system inside of the SQM throughout in this paper.) Even if it is not true, the many-quark system could exist when it is compressed by high pressure. In fact such circumstances might be realized inside the high density stars.
>
In order to show the existence of the absolutely stable SQM, one calculated the total energy of SQM and compared it with the corresponding energy of the nuclear matter. Then if the energy of SQM is lower than that of nuclear matter, the SQM is expected to exist in this universe. It is, however, too difficult to calculate the energy of SQM by QCD directly. Therefore many calculations have been done with the use of effective models for QCD.
3 > The MIT bag model has been used frequently for this purpose. In particular Ishii and Tamagaki   4 > have investigated the stability of SQM and other exotic hadrons by taking into account the one-gluon exchange (OGE) effect. They have treated the OGE effect by the Hartree-Fock (H-F) theory and have shown that the effect is unfavorable for the stability of SQM.
In this paper we will investigate the OGE effect more accurately by taking into account many-body correlations in the SQM. One approach is to study the three-body (baryon) correlation 5 l and the other to consider the two-body correlation like the Cooper pair in superconductors. Since three-body clusters obey the Fermi statistics, the former is responsive to low densities. It is more interesting to consider the latter case concerning high-density quark matter (SQM). It is the purpose of this paper to develop the Hartree-Bogoliubov (H-B) theory which is an extension of the H-F theory and apply it to SQM. We also investigate its stability by taking into account the condensation energy due to the pairing correlation obtained by the H-B theory. There are two approaches to consider the condensation energy. 6 l.
7 l
Bailin and Love considered superconductivity in quark matter by using the Ginzburg-Landau equation in order to discuss the phase transition of the quark matter. Since the gap parameter is assumed to be small in their method, it cannot be applied to the condensation energy of SQM at zero temperature. Another approach treated superconductivity in quark matter at zero temperature. However their method is restricted to SU(2) color quark matter. In a previous paper, 8 l we have shown that the OGE potential is attractive in the color triplet and spin-parallel state of two quarks and the quark matter become the superconducting (BCS-like) state. We extend this theory by taking into account the H-F potential term which is nothing but the H-B approximation. Then the condensation (pairing) energy is calculated and the stability of SQM is discussed by taking into account the energy. The present theory may be regarded as an extension of Ref. 4) .
In the next section, a mean field approximation (H-B approximation) will be developed for many-quark systems with single flavor. The mean field Hamiltonian will be diagonalized by a generalized Bogoliubov transformation in § 3 and the gap equation is derived in § 4. Then we apply the results to SQM and the numerical calculations of the condensation energy will be carried out in § 5. A conclusion is given in the last section. § 2.
Mean field approximation
We assume that hadrons are described in terms of the MIT bag model 6 l whose Hamiltonian consists of the quark Hamiltonian and the volume energy. They are given by
where Bois the bag constant and the bag radius is denoted by R. We have neglected the zero-point energy in the bag since it is negligibly small in the case with the large R. The quarks are confined in the bag at hand in this model and assumed to interact with each other via the one-gluon exchange potential. The Hamiltonian is written as (2) where d (ca) denotes a creation (annihilation) operator of the quark in the single 
We take the one-gluon exchange (OGE) potential between two quarks 1 and 2, that is,
where )., r" and r represent the color matrix, the gamma matrix and the distance between the two quarks respectively. The as represents the QCD coupling constant. First let us discuss the Hartree-Fock approximation for many-quark systems with single flavor in the bag according to Ref. 4) . Since we are interested in the strange quark matter (the number of quarks is very large), we can use a plane wave state with definite momentum for the H-F single-particle state. In the degenerate state, the lower states than the Fermi energy SF are occupied and upper states empty. It is convenient to use particle-hole picture by the following relation: (5) where 8 denotes the step function (8(x)=1 for x>O and 8(x)=O for x<O) and aa (ba) refers to particle (hole) states. With the use of this representation, the Hamiltonian (2) can be rewritten as (6) where the symbol :Z: represents the normal product with respect to the particle-hole representation. Here we take the H-F approximation; we neglect the last term of this equation, the residual interaction between quarks. Then a single particle energy of the state a is given by (7) The summation with prime means that only the hole states should be summed. The ground state in this approximation is the vacuum state of both the particle and hole operators and the total energy is written as (8) Now it is our main task to consider the residual interaction neglected in the H-F approximation. If the effect is taken into account properly, we would have a more satisfactory ground state whose energy is lowered. From the Coulomb-like nature of our potential, it is reasonable to consider the pairing correlation between two quarks in the s-wave. Then one has two internal states: (a) the color-symmetric and spinantisymmetric state and (b) the color-antisymmetric and spin-symmetric state. It is easily seen that the residual interaction becomes attractive for both color-electric and magnetic parts in case (b), the color-triplet and spin-parallel state. This correlation is described in term of the following order parameter, where each single particle state is designated by momentum k, helicity s and color variable c. The left-hand side of this equation represents the expectation value with respect to the new ground state. On the right-hand side, the Fk denotes an unknown scalar function of k=lkl and i is the skew-symmetric 3X3 matrix, (10) Note that the expression on the right-hand side of Eq. (9) satisfies the condition that the two quarks stay in the s-wave, color-triplet and spin-parallel state I i i + J, J, > (reffered to the A-B state in He (18) In the last equation, the assumption (9) has been used and the detailed derivation will be done in the Appendix. Using these relations, the Hamiltonian (14) can be transformed into the matrix form,
where the constant term LlEo is defined as (20) The symbol tr on the right-hand side denotes the trace with respect to the color space.
The Hamiltonian has a 6 X 6 Hermitian matrix which can be diagonalized easily. To this end, let us consider square of the matrix,
Note that the non-diagonal submatrices on the right-hand side vanish. The diagonal submatrix is defined by whose eigenvalues can be easily found,
The latter eigenvalues are degenerate. We see that one third of the whole quarks do not have pair correlation. This is due to the Pauli principle between our pair operators; The ground state cannot be constructed from only the pair operators.
As is well-known, the diagonalization introduces a new kind of quasi-particles whose creation and annihilation operators are denoted by a~ and a a respectively. , (Note that this symbol is different from that used in the particle-hole picture) The detailed investigation will be done in the next section. This section is concluded with the final expression of the H-B Hamiltonian:
(25) § 3. Generalized Bogoliubov transformation It is our main task of this section to diagonalize the 6 X 6 Hamiltonian matrix in the previous section. Let us consider a 6 X 6 linear transformation in the following form: (26) We assume that the linear transformation depends on only the magnitude of the momentum, that is, (27) Our aim is to diagonalize the Hamiltonian matrix, (28) where Ek on the right-hand side is a diagonal submatrix whose elements should be positive. Here there are two kinds of diagonalization procedures:
where the x and the 3 x 3 submatrix Sk should be chosen so as to satisfy Eq. (28). It will be proved later that these two transformations are used in the cases of the particle and hole states respectively. Substituting these relations into Eq. (28), we get the following equations:
where use is made of the definition, l k = c k -J1. + 3...\. The double signs in these equations should correspond to the two transformations (29) and (30) in that order.
Here we assume that the variables .dk and Xk are real numbers. Noting that our transformations must be unitary, we get UkU1 =1 which leads to
sksz-xk
These relations hold in both transformations. From these equations, we can derive the following relation,
Multiplying Sk on Eq. (32) and using this equation, we get
This is an eigenvalue equation whose eigenvalues can be easily obtained as follows:
where the last eigenvalue is degenerate doubly.
Now we can determine which transformation should be chosen, (a) or (b 
Solving this simultaneous equations, we have solutions,
This value coincides with that obtained in the previous section. Finally let us calculate condensation (pairing) energy of our ground state. The ground state is the vacuum state of quasi-particles in the H-B approximation. From Eq. (25), it is given by EHs=<H'+ Jl.N +..1C) (42) On the other hand, the ground state energy by the H~F approximation has been given in the previous section,
Therefore the condensation energy which is defined by the difference between the two energies is expressed by the following form, (44) This is due to the pairing energy between two quarks by the one-gluon exchange interaction. § 4. Gap equation
It is the purpose of this section to derive equations to determine the Llk and the Lagrange multipliers f-l and A. Let us start to calculate the following expectation values with respect to the H-B vacuum:
where Aa is an arbitrary Gell-Mann matrix. In the same manner, we get The last equation is valid for both cases (a) and (b). Now it is trivial to obtain the occupation number probability of quarks. If we put Aa=l in Eq. (45), we.get (49) Let us consider expectation values of the eight color operators. We must demand that these values should vanish because all the hadrons should be color-singlet. When a is 1, 4 and 6, then (50) The other expectation values vanish. Assuming that our system has No quarks, (51) On the other hand, the color-singlet condition leads to 
This is an integral equation for Llk. Finally the condensation energy (44) can be expressed as (57) by the use of Eqs. (54) and (55). The above is the H-B theory of the many-quark system with single flavor. We will apply it to SQM in the next section. § 
Strange quark matter
In this section it is the stage to discuss the possibility of SQM by calculating the total energy. It is supposed that SQM is composed with u, d and s-quark. We do not take into account the other quarks with heavy masses. Moreover there are two approximations done in this paper. One is that our H-B theory is not self-consistent completely: the H-F potential term, Eq. (15) is approximated by the expectation value with respect to the H-F vacuum. The other one is that the pair correlation between two quarks with different flavors is neglected. This assumption will be not so bad because the three Fermi levels of u, d and s-quarks take the different values with each other in most cases. At first let us calculate the total energy of the quark matter with single flavor. It is given already in § 2 by the H-F approximation, that is, EHF= :l: (6hk+3v~o)= :l: (6hk+3v~o<e>+3v~o<m>),
where the kinetic energy of the quark with momentum k is hk=J k 2 + m 2 and the color-electric and magnetic energies are given respectively by (e)-
4Jras L!2(hkht+kl+m

)
It is seen later that the former is attractive and on the other hand the latter is repulsive. The condensation energy due to the pairing correlation is expressed by Eq. (57) is more convenient to use the number density instead of the number itself, (63) Note that the baryon density is equivalent to the u-quark density in our case. Consequently we have two parameters, p and Ps. The total energy of SQM is given by (64) The quantity on the right-hand side is proportional to the volume, so that we use the energy per baryon number, e = E;r = e (p, Ps) , (65) which is a function of the baryon density and s-quark density.
The numerical. calculation has been carried out in the following two set of bag parameters 10 > taken in Ref. We have assumed mu=md=10 MeV in both cases.The first set found in Ref. 4) reproduces the baryon mass spectrum where the color-electric interaction is incorporated. It gives the large baryon number density, for the large Bo leads to the small R. On the contrary, the second set is the usual one used in Ref.
3) which gives the threshold of the stable SQM and the density not far from the nuclear density PN ~ 0.17 Figs. 3 (a) and (b) represent the energies as a function of the strange quark density Ps near the minimum point: p ~2.55 fm-3 for (a) and p~0.225 fm-3 respectively. In both cases it is seen that the quark matter is very soft or deformable. The effect of condensation strengthens this tendency.
Another property observed in these figures is that the strange quark density is rather large in the minimum density state in spite of its large mass. This fact is due to the OGE potential. We have calculated the color-electric and magnetic interaction energies with the help of Eqs. (60) negative and the color-magnetic one positive. Those for u, d -quark (s-quark) are denoted by the solid (dashed) lines. It is noted that the total potential energy of the s-quark is more attractive than that of the light quarks. This is the reason why the most stable SQM contains many s-quarks. Finally let us consider the potential between quarks. It is well-known that the Coulomb potential is screened by the many-body effect (plasmon). The similar effect is also expected in our quark-gluon system. It is incorporated by replacing the potential as follows:
where the introduced masses Me and Mm represent the screening effect in electric and magnetic components respectively. Usually the electric mass is about asJ-1.
2 and the magnetic one is zero by the perturbative calculation. The solid (dashed) lines denote the energy by the H-B (H-F) method in both cases. In the first case (Mm=O), the condensation energy is insensitive to the mass Me and the ground state is the superconducting state. On the other hand there occurs a phase transition at a critical value Me in the second case (Mm=Me) and the ground state becomes normal (H-F) state. This behavior can be understood by noting that the color-magnetic interaction works repulsively for the H-F energy and attractively for the Cooper pair. If the first case is realized, the screening effect is unfavorable for the existence of absolutely stable SQM but does not change the conclusion that the superconducting state is more stable than the normal (H-F) state. § 6. Summary
In conclusion, we have discussed the OGE effect in SQM by using the H-B approximation. It is shown that the ground state of quarks is a superconducting (BCS) state if the quark matter exists. The condensation energy becomes larger with the coupling constant and the quark density. The calculated energy is from several MeV to one hundred MeV (per baryon) according to the bag parameters. Although the stability of SQM depends on the bag parameters, its possibility is still doubtful in our model as far as we stick to take the same bag parameter as that in the baryon case. Our theory is based on simple potential picture, the OGE potential with the constant QCD coupling constant. It is more satisfactory to calculate with the use of the running coupling constant; Then the condensation energy would be suppressed at higher densities due to the asymptotic freedom. It is also interesting to consider by using the direct quark-gluon interaction as shown in superconductors. 13 ) Moreover it is very important to explore the phase transition in the quark matter where a new pairing mechanism may occur.
(p=O)' (p=I=O)' (73) where Ck± is defined by ./(hk±m)/2hk and a represents the 2X2 Pauli spin matrix. The two-dimensional spin states which appeared on the right-hand side of this equation are given by (74) where the quantization axis is chosen to be the k-direction and (±1) represents the corresponding helicity. The states in which the quantization axis is chosen to be the 1-direction are given by where the e denotes the angle between k and I. As a result, we obtain ~<ks1, -ks2lr1· r2lls, -1-s>=(o)s,+s •. o hkZttkl . 
If we collect all the above-mentioned results, we obtain the expression which appeared in Eq. (18) of the text.
